Purpose: The advent of magnetic resonance imaging (MRI) guided radiotherapy systems demands the incorporation of the magnetic field into dose calculation algorithms of treatment planning systems. This is due to the fact that the Lorentz force of the magnetic field perturbs the path of the relativistic electrons, hence altering the dose deposited by them. Building on the previous work, the authors have developed a discontinuous finite element space-angle treatment of the linear Boltzmann transport equation to accurately account for the effects of magnetic fields on radiotherapy doses. Methods: The authors present a detailed description of their new formalism and compare its accuracy to 4 Monte Carlo calculations for magnetic fields parallel and perpendicular to the radiation beam at field strengths of 0.5 and 3 T for an inhomogeneous 3D slab geometry phantom comprising water, bone, and air or lung. The accuracy of the authors' new formalism was determined using a gamma analysis with a 2%/2 mm criterion. Results: Greater than 98.9% of all points analyzed passed the 2%/2 mm gamma criterion for the field strengths and orientations tested. The authors have benchmarked their new formalism against Monte Carlo in a challenging radiation transport problem with a high density material (bone) directly adjacent to a very low density material (dry air at STP) where the effects of the magnetic field dominate collisions. Conclusions: A discontinuous finite element space-angle approach has been proven to be an accurate method for solving the linear Boltzmann transport equation with magnetic fields for cases relevant to MRI guided radiotherapy. The authors have validated the accuracy of this novel technique against 4, even in cases of strong magnetic field strengths and low density air. C 2016 American Association of Physicists in Medicine. [http://dx
INTRODUCTION
Accurate patient dose calculation is an essential component in the development of accurate radiation therapy treatment plans. The linear Boltzmann transport equation (LBTE) is the integro-partial differential equation that governs radiation transport in matter. Despite major differences in the approaches to achieve a final dose estimate, all techniques are based on solving the LBTE or approximating its solution.
The main techniques to calculate external beam radiation therapy doses include stochastic Monte Carlo algorithms, convolution-superposition algorithms, and deterministic algorithms. Monte Carlo algorithms solve the LBTE through stochastic modeling of individual particle interactions as they traverse through different materials based on their macroscopic cross sections. Monte Carlo is considered the gold standard in radiotherapy (RT) dose calculations with multiple packages available. [1] [2] [3] [4] [5] [6] Monte Carlo calculations require a large number of particles to be simulated to reduce the statistical uncertainty generated by the stochastic solution technique. Convolution-superposition is a technique in which Monte Carlo generated dose kernels are superimposed to produce the final dose calculation. The Monte Carlo dose kernels are water based and inhomogeneities are dealt with by density scaling. Convolution-superposition dose calculations represent an approximation to the solution to the LBTE.
Deterministic dose calculations directly solve the LBTE (Refs. [7] [8] [9] [10] and have recently been used in radiotherapy dose calculations clinically. Deterministic calculations do not have statistical uncertainty but can possess discretization errors if the phase-space variables are not sufficiently resolved. Discretization of the phase-space variables can be achieved through multiple techniques, the most common being multigroup in energy, discrete ordinates (DO) in angle, and discontinuous finite element in space. 11, 12 With the advent of magnetic resonance imaging (MRI)-guided radiotherapy treatment machines, patients receive their therapeutic treatments while submersed in the strong magnetic field of the MRI. Thus, in these cases, depending on the strength and orientation of the magnetic field, the incorporation of the Lorentz force effects on the relativistic electrons which deposit dose in the body may become necessary. Monte Carlo techniques have been used extensively to investigate the effect of magnetic fields on patient dosimetry, [13] [14] [15] and recently we published a novel technique using a deterministic formalism to calculate patient dose within magnetic fields. 8 In that paper, we used a DO approach to discretize the angular phase-space variable. However, we noted that for this technique we were unable to calculate doses for challenging cases characterized by low density materials and strong magnetic fields.
In our current work, we present a discontinuous finite element method (DFEM) space-angle approach to the phase-space variables in the context of external magnetic fields applicable to MRI-guided RT. We will show that this technique provides accurate dose calculations as compared to Monte Carlo for cases relevant to MRI guided RT, and that we are in fact able to calculate doses with strong magnetic fields in low density air.
THEORY

2.A. First order linear Boltzmann transport equation
The coupled photon-electron LBTE equation for transport in an external magnetic field can be expressed as
with vacuum boundary conditions
and where
The following definitions apply to Eq. (1) as shown,
⃗ Ω = (sin θ cos ϕ,sin θ sin ϕ,cos θ), ⃗ n = the outward normal unit vector on the boundary. σ(⃗ r,E) = macroscopic total cross section.
β r (⃗ r,E) = restricted stopping power.
µ = cos θ q = particle charge. p = magnitude of particle momentum. B = magnetic field strength in Tesla (T)
Equation (1b) represents the continuous slowing down approximation (CSDA) LBTE. The superscript xy in the scattering integral Q x y ( ⃗ r,E, ⃗ Ω ) denotes particle x creating secondary particle y, and (·) z denotes taking the z component of the cross product. The magnetic field terms in Eq. (1),
were derived previously by our group. 8 The energy variables in Eq. (1) are discretized using the multigroup approach,
where
and G is the total number of energy groups, L is the truncation order of the Legendre polynomial expansion, and m o is the particle rest mass. Equation (3) represents a full multigroup characterization of the coupled photon-electron LBTE for relativistic charged particles in a magnetic field. 8 In addition, the CSDA operator in Eq. (1) was absorbed into the scattering integral [Eq. (3b)] through a diamond difference approximation. 8, 16 For brevity, we will now consider a one group problem and drop the energy subscripts without the loss of generality.
The focus of this work is to define a DFEM space-angle approximation for the LBTE including external magnetic fields [Eq. (1)]. We begin with the standard finite element approximation with polynomial basis functions in space λ (⃗ r) and angle γ ( ⃗ Ω ) which have compact support and thus are only nonzero on the element on which they are defined,
I is the total number of unknowns for a single spatial element and P is the total number of unknowns for a single angular element. In the following, we denote spatial elements with a superscript e and angular elements with a superscript e ′ . The form of Eq. (4) shows that the resultant linear system of equations will be a Kronecker product of the space and angle elemental matrices. Inserting the approximation of Eq. (4) into Eq. (3) for a uniform magnetic field, and using Galerkin's method to obtain the weak form of the first order coupled LBTE,
where Eq. (5a) represents photon transport and Eq. (5b) represents electron transport in a magnetic field. It should be noted that Galerkin's method is part of a class of methods known as the method of weighted residuals and is the standard approach used for spatial DFEM discretization. In Galerkin's method, the weighting function is chosen to be the polynomial basis function. Although representing different physical processes via their respective cross sections, the terms in the photon and electron equations are identical with the exception of the magnetic field term. Thus, the following derivations apply equally to the photon and electron equations.
We first apply the divergence theorem to the spatial streaming operator in Eq. (5) (first term),
with
where the surface integral in Eq. (6c) is over element face k. The total element surface integral is then obtained by summing over the K faces of the spatial element, and ⃗ n k is the unit normal vector of face k of the element. The boundary conditions over each element face is defined as
where the sweep direction ⃗ Ω sw is defined over each individual angular element by
In Eq. (7), ψ inc i p represents incoming angular fluence from the upstream element through the face k.
The removal operator in Eq. (5) (second term) can be expressed as
The scattering integral on the right hand side of Eq. (5) can be written as 
where the spherical harmonic coefficients φ l m (⃗ r) in the scattering integral [Eq. (3c)] are also expanded using a finite element polynomial expansion, and the same Galerkin's method was used.
The source term can also be written as
2.B. Magnetic fields
We will now provide more details on the DFEM approach of the magnetic field operator in the electron equation of Eq. (5b) (third term). We begin by applying the divergence theorem,
where again ψ inc i p represents the incoming angular fluence through edge k ′ and ⃗ n k ′ is the unit normal vector for edge k ′ . Expanding the integrand of the second term on the right hand side,
It can be shown that
so Eq. (12) becomes
Therefore, together with Eq. (13), the final DFEM expression for the magnetic field term becomes
with F. 2. Sweep vector ⃗ τ shown for a magnetic field vector of (a)
The sweep vector is shown at the centroid of each element.
METHODS
3.A. Calculation parameters
All calculations were performed in an inhomogeneous 3D slab phantom consisting of water (ρ = 1.0 g/cm 3 ), bone (ρ = 1.85 g/cm 3 ), dry air at STP (ρ = 0.0012 g/cm 3 ), and lung (ρ = 0.26 g/cm 3 ). An external photon point source with a polyenergetic 6 MV spectrum was used 8 in both deterministic and Monte Carlo calculations and the fields were collimated to 10 × 10 and 2 × 2 cm 2 at the phantom surface with a source-to-surface distance of 100 cm. The phantom size was 30 × 30 × 30 cm. 3 All results for both the deterministic and Monte Carlo calculations are normalized to dose per fluence (Gy cm 2 ).
3.B. Meshing
A spatial tetrahedral mesh was used in this work. Tetrahedral meshes minimize the probability of sweep cycles occurring for unstructured meshes. The sweep cycles can be expressed as a cyclic directed graph 12 prohibiting the generation of a block lower triangular matrix without additional interventions. More details on breaking sweep cycles are provided in Ref. 12 . In this work, we have not generated a mechanism of breaking cycles, but with the tetrahedral meshes used in this and our previous work, no cycles have been detected. For F. 3. Rotated coordinates system {x ′ , y ′ , z ′ } for an arbitrary magnetic field vector B. The rotational transformation is derived from the (ϕ ′ , θ ′ ) angles set by the direction of B in the original {x, y, z } coordinate system. radiotherapy applications, it may be more optimal to use hexahedral meshes such as current commercial software uses, 17 but this is not the focus of this work.
The angular meshes were generated through a tessellation of the unit sphere. The unit sphere was initially broken into octants, and each octant was then refined two times yielding the mesh presented in Fig. 1(a) . This mesh was then unwrapped onto the 2D (ϕ,θ) plane shown in Fig. 1(b) , which operation required additional points to be placed at θ = 0,π since the tessellation of the unit sphere had a single node at these points.
3.C. Photon transport
A first scattered distributed source (FSDS) was used for the primary source in our photon transport calculations. A FSDS primary source model reduces ray effects and more details on this method are presented in Ref. 7 . The finite element formalism for photons presented in Sec. 2.A was used for the scattered photon transport calculations in this work. Alternative discretizations could have been used for the photon calculations such as discrete ordinates, but for simplicity, we have used a similar finite element framework for both photon and electron calculations. However, as magnetic fields have no effect on neutral particles, the DFEM angular treatment presented in Sec. 2.B was unnecessary for photon calculations.
Thus, for photon transport calculations, each angular finite element was treated independently with no coupling between them. In this way, each angular finite element could be solved simultaneously in parallel.
3.D. Angular sweep with magnetic fields
The DFEM equations including magnetic fields are solved via "sweeping" which solves the linear system of equations in the general direction of particle propagation. 11 The direction of solution by the sweep solver is dictated by the streaming operators. In our DFEM space-angle formalism with magnetic fields, which now has streaming operators in space and angle, we must perform a space-angle sweep.
The angular sweep is defined by the angular streaming
, with the sweep direction defined by ⃗ τ. To better understand the effect of ⃗ τ on the angular sweep direction, we expand Eq. (3c) in terms of angular coordinates (ϕ,θ),
Examples of vector flows of ⃗ τ through a representative triangular mesh in angle are given in Fig. 2 . Although the mesh of Fig. 2 is not used in the solution, it provides a clear understanding of the effect of ⃗ τ on the sweep ordering. As seen from Eq. (18), the direction of ⃗ τ varies with (ϕ,θ) and with the magnetic field which can produce complicated flow or sweeping patterns as seen, for example, in Fig. 2(a) . Defining an angular ordering for sweeping is very complicated in this case as many cycles can be seen where the flow direction turns back on itself. However, it can be seen from Eq. (18) that if B x = B y = 0 a simple constant direction flow or sweep vector can be obtained [ Fig. 2(b) ],
The constant direction sweep vector of Eq. (19) can always be achieved through a coordinate system transformation consisting of rotations in x, y, and z directions to ensure the z ′ axis aligns with the direction of the magnetic field (Fig. 3) . Thus, it can be ensured that the condition B 
3.E. Deterministic dose calculations
Our DFEM space-angle formalism above was written in the  90 coding language, and the multigroup cross sections were generated with the  code 18 using 32 photon energy groups and 40 electron energy groups. A Legendre expansion up to order 5 was used in accordance with our previous work. 8   (Burlington, MA) was used to generate the spatial and angular meshes in this work. A tetrahedral spatial mesh consisting of 53 333 elements was used in the calculation with smaller mesh elements placed in the beam penumbra and at material interfaces, and a linear triangular angular mesh was used consisting of 520 elements [ Fig. 1(b) ]. This represents a reduction in energy groups and spatial elements compared to our previous study in an effort to better optimize calculation time. The accuracy in the solution was unaffected by these reductions, but is not a result of the new DFEM angular formalism.
For the deterministic solution, linear finite element basis functions are used in space and angle of the form 
where the coefficients a, b, c, are defined by the location of the spatial element nodes, and a
′ are defined by the location of the angular element nodes.
The iterative solution for this work is achieved through the source iteration technique with a stopping criterion of
The parallel magnetic fields were directed along the z axis, and perpendicular magnetic fields were directed along the y axis where a 90
• clockwise coordinate rotation around the x axis was applied in order to meet the B ′ x = B ′ y = 0 condition for angular sweeping. In this study, we investigate the accuracy of our DFEM space-angle formalism with magnetic field strengths of 0.5 and 3 T. Dose was scored in voxel format with voxel sizes of 0.25 × 0.25 × 0.25 cm 3 .
3.F. Monte Carlo calculations
The 4 (Refs. 3 and 4) calculation package was used to validate our deterministic DFEM space-angle formalism.
4 calculations were performed on a 0.25 × 0.25 × 0.25 cm 3 grid, running roughly 40 × 10 9 histories with the step size based on the magnetic field strength, and a cut-off energy of 100 eV.
3.G. Analysis
A gamma analysis was performed when comparing our DFEM formalism to the Monte Carlo results with a 2%/2 mm criterion and linear interpolation every 0.1 mm. A threshold cutoff of 10% of the maximum dose was used in the analysis.
RESULTS
Results comparing calculations using our DFEM spaceangle formalism against the 4 Monte Carlo code are given in Figs. 4-12 . Figure 4 compares our new DFEM spaceangle formalism with Monte Carlo and with our previous discrete ordinates formalism for a perpendicular magnetic field for a lung material. This scenario was previously benchmarked. 8 Figures 5-12 are scenarios which compare our DFEM space-angle formalism with Monte Carlo results with low density air. An analysis of all results presented shows greater than 98.9% of points analyzed passing a 2%/2 mm gamma criterion. 
DISCUSSION
5.A. Accuracy
The results of our DFEM formalism have been shown to be very accurate compared to Monte Carlo in this challenging radiation transport calculation involving high density media directly adjacent to very low density media. However, Figs. 9 and 10 show reduced accuracy in the air immediately distal to the bone. The very sharp dose falloff caused by the strong magnetic field is not well represented in this case. Further work is required to fully investigate potential causes and the clinical impact, if any. However, this error is spatially localized to air and is less than 10% of the maximum dose for a single field in a 3 T perpendicular magnetic field. Similar issues were not observed for lower fields such as is used for the Linac-MR at the Cross Cancer Institute in Edmonton, Canada.
5.B. Potential advantages and disadvantages
One advantage of this technique is the ability to calculate accurate radiotherapy doses in low density air for the same cases that our previous DO formalism failed. A spectral analysis is required to completely understand the stability of the iterative solution for this novel DFEM space-angle technique with magnetic fields. Although beyond the scope of this work, which aims to present a proof of principle formalism for use with current MRI guided RT technology, it is the subject of future work. However, this comes at the cost of increased computational complexity and solution time. For problems using linear discontinuous finite elements in space and angle, the total calculation unknowns (N) is N = energy groups × 4 × spatial elements × 3 × angular elements.
For the problems presented in this study, this represents 1.3×10 12 unknowns. Added to the large number of unknowns in the calculation is the fact that the Galerkin method applied to the first order LBTE produces an asymmetric matrix which is not efficiently inverted. Calculation time was not the subject of this work and no effort to optimize the computer code was performed. However, we do note that due to the angular sweeping technique, our previous parallelization strategy which solves each angle in parallel (up to the number of processors available) is very inefficient and the calculations were basically serial in nature for magnetic field calculations. The optimization of this code, including a new parallelization strategy, is the subject of future work. Adding acceleration techniques to the formalism is very likely to decrease the number of iterations to convergence (and hence computation time), especially for higher magnetic fields, but effective acceleration techniques appropriate for magnetic fields also needs to be developed. The error in the solution in air immediately distal to the bone in a 3 T perpendicular field (Figs. 9 and 10 ) could also prove difficult to remove. Although more investigation into this is required, the problem could be the result of the DFEM method not being able to accurately integrate the higher order spherical harmonic components of the scatter source. This would also prove to be a disadvantage for some problems such as a monodirectional source of charged particles. We have also used a diamond difference approximation to the CSDA operator in our DFEM approach, which has been shown to be second order accurate. A third order accurate DFEM discretization of the CSDA (Ref. 19 ) could benefit this work as well.
CONCLUSION
A novel discontinuous finite element space-angle treatment is presented for the first order linear Boltzmann transport equation with magnetic fields. We have presented a detailed description of our formalism and have presented the methods to perform a space-angle sweep for a uniform magnetic field, and have shown accurate dose calculation results for external photon beam radiotherapy doses relevant to MRI guided RT systems; even in low density air. Spectral analysis to determine the convergence behavior of this method in a wider range of contexts is an important next step and is the subject of future work. Future work also includes developing acceleration techniques to reduce the computations time, and optimizing the code with more advanced parallelization strategies. Although there may be some disadvantages of a DFEM angular approach for certain problems, we have shown this technique to be accurate for external beam photon radiotherapy calculations. With further advancements, a DFEM space-angle approach with magnetic fields could be suitable for clinical dose calculations for MRI-guided radiotherapy systems.
